Hermitian metrics on Calabi–Eckmann manifolds  by Durán, Carlos E. & Simanca, Santiago R.
Differential Geometry and its Applications 17 (2002) 55–67
www.elsevier.com/locate/difgeo
Hermitian metrics on Calabi–Eckmann manifolds
Carlos E. Durán a, Santiago R. Simanca b,∗,1
a Departamento de Matemáticas, IVIC, Apartado 21827, Caracas 1020A, Venezuela
b Institute for Mathematical Sciences, Stony Brook, NY 11794, USA
Received 26 October 1999; received in revised form 11 February 2001
Communicated by Y. Eliashberg
Abstract
We consider a family of Riemannian submersions S2n+1 × S2m+1 → CPn × CPm parametrized by a function
ϕ on the base, whose squared exponential is used as a dilation factor on the fibers. The total space of these
submersions is endowed with the complex structure of Calabi–Eckmann, and each member of the ϕ-family of
metrics is Hermitian relative to this structure. We compute explicitly the Ricci tensor, scalar curvature, J -Ricci
tensor and J -scalar curvature of each of these metrics, and use the results to contrast the behaviour of the Hermitian
quantities versus those that are purely Riemannian. The fibers of these submersions may be collapsed or blown-up
with these tensors showing significant differences as this takes place. We show that among metrics in this family,
the only ones that have constant J -scalar curvature are those corresponding to ϕ equal to a constant, and distinguish
further these metrics by analyzing their behaviour relative to a suitable family of deformations.  2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction
The purpose of this article is to provide explicit examples of Riemannian metrics and their associated
tensors related to a given almost complex structure. We are motivated by a dearth of such in those cases
where the almost complex manifold in question is not of Kähler type, and by the intention to illustrate
the behaviour of these tensors under suitable deformations of the metric.
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As our purpose is to get down to the bottom of the calculations, it is not easy to produce an almost
Hermitian manifold (M,J, g) where one could carry them out in full detail. There is a great deal of
rigidity brought about by the mere existence of J , but once that situation is accomplished, we are left
with the seemingly harder problem of producing a manageable J -Hermitian metric whose associated
tensors can all be reasonably computed.
We settle on a good compromise, and study just the complex manifold given by the product of two
odd dimensional spheres S2n+1×S2m+1 endowed with the almost complex structure discovered by Calabi
and Eckmann [2]. Indeed, since no sphere other than S2 and S6 carries almost complex structures, these
seem to be among the easiest examples of manifolds where one can manufacture an almost complex
structure J . And as it turns out, the structure discovered by Calabi and Eckmann is integrable, so the
manifolds are complex. However, they are still of enough interest. They cannot possibly be algebraic and
are not of Kähler type.
For each sphere factor in these manifolds we have the classical Hopf fibration onto a complex
projective space, so their product produces a Riemannian submersion S2n+1 × S2m+1 → CPn × CPm.
We obtain a decomposition of the tangent space at each point into a horizontal and vertical component.
Thus, the standard product metric 〈 · , · 〉 on the product of the spheres decomposes pointwise into a
vertical and a horizontal part, 〈 · , · 〉 = 〈 · , · 〉V + 〈 · , · 〉H , where 〈 · , · 〉V turns out to be a flat metric
on the totally geodesic torii that make up the fibers of the submersion. With respect to the complex
structure of Calabi–Eckmann, this metric is Hermitian, and moreover, the fibers are preserved by J .
This setting makes it natural to consider functions ϕ and dilate 〈 · , · 〉 along the fibers to obtain new
metrics 〈 · , · 〉ϕ = e2ϕ〈 · , · 〉V + 〈 · , · 〉H . They are obviously Hermitian with respect to the fixed complex
structure on the product of the spheres, and since the horizontal space is unaltered, using them on the total
space, we obtain a family of Riemannian submersions parametrized by ϕ. It is the explicit calculation of
canonical quantities associated with 〈 · , · 〉ϕ that we carry out in this paper.
In computing these quantities canonically associated to 〈 · , · 〉ϕ , we give particular attention to those
that are related to the complex structure J . The effect of the warping on the Hermitian tensors is highly
non-trivial, and their explicit calculations are not easy tasks. We carry them out, and use the results to shed
some light into the differences between purely Riemannian quantities versus those that are associated
with the (almost) complex structure.
The metrics 〈 · , · 〉ϕ constitute a highly non-trivial deformation of 〈 · , · 〉. For instance, a change in
the warping function ϕ changes the conformal class, producing in this manner an infinite number of
Hermitian metrics representing different conformal classes. This sets the stage for testing the behaviour
of the total J -scalar curvature of these metrics as a function of the conformal class, that in turn
illustrates greatly the essential issues in the recently completed analysis of the Yamabe problem for almost
Hermitian manifolds [6]. But generally speaking, the tensors that we compute here serve to illustrate their
behaviour under deformations, at least when it concerns the type of deformations given by 〈 · , · 〉ϕ . This
seems to be a first, insofar as the Hermitian tensors that we analyse, and show how they vary in relation
to the relevant quantities for the static metric 〈 · , · 〉 corresponding to ϕ = 0. The tensors in this latter case
have been known for sometime [1,7,8].
In order to make our paper self contained, we begin by discussing almost Hermitian manifolds in
the next section. We then explicitly define the Calabi–Eckmann complex structure on the product of
odd dimensional spheres, and use the decomposition of the tangent space into vertical plus horizontal
components to describe in detail the family of Hermitian manifolds that we consider. We then carry out
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the promised calculations, and contrast several properties of the resulting tensors in the final section of
the paper.
2. Almost Hermitian manifolds
An almost complex structure J on a smooth manifold M is a smooth field of automorphism of the
tangent bundle TM satisfying the condition J 2 = −1. Thus, for each x ∈ M we have a linear map
Jx :TxM→ TxM that squares to minus the identity operator, and such that the function x→ Jx is smooth.
The manifold M , provided with one such structure, is called an almost complex manifold. A Riemannian
metric g on M is said to Hermitian relative to J if g(JX,JY )= g(X,Y ) for all vector fields X,Y . The
pair (J, g) is called an almost Hermitian structure on M . The triple (M,J, g) is referred to as an almost
Hermitian manifold.
The complexified tangent bundle C ⊗ TM decomposes as T 1,0M ⊕ T 0,1M , where the summands
are the +i and −i eigenspace of J , respectively. This induces a splitting of the whole complexified
tensor bundle into types, for example, C ⊗ ΛrM =∑p+q=r Λp(T 1,0M)∗ ⊗ Λq(T 0,1M)∗. We denote
Λp(T 1,0M)∗ ⊗Λq(T 0,1M)∗ by Λp,q
C
M and refer to its elements as forms of type (p, q). The structure J
induces an operator on T ∗M defined by
Jα(X)=−α(JX), α ∈ T ∗M, X ∈ TM.
This map is extended to the whole of Λ∗
C
M , and we have Jβ = iq−pβ for any β ∈Λp,q
C
M .
The vanishing of the Nijenhuis tensor N(X,Y ) = [JX,JY ] − [X,Y ] − J [JX,Y ] − J [X,JY ] is
equivalent to the fact that J is induced by a complex structure [4]. We say then that J is integrable.
In that case, the exterior derivative dβ of a form β of type (p, q) decomposes as the sum of forms of
type (p + 1, q) and (p, q + 1), respectively. This decomposition defines two operators, ∂ and ∂ , such
that d = ∂ + ∂ , ∂∂ + ∂∂ = 0, ∂2 = 0, and ∂2 = 0. For a non-integrable almost complex structure J , this
decomposition of d does not hold.
On any Riemannian manifold (M,g), the Ricci tensor r(X,Y ) is defined as the trace of the map
L→R(L,X)Y , where R is the curvature tensor R(X,Y )Z= (∇X∇Y −∇Y∇X −∇[X,Y ])Z, and ∇ is the
Levi-Civita connection. The scalar curvature s is the total contraction of the curvature tensor, that is to
say, the contraction of the Ricci tensor r . In terms of the components of R and r , we have that
(1)s =Rli li = ri i .
On an almost Hermitian manifold (M,J, g), the richer structure allows us to define a J twisted version
of the concept above. Indeed, we define the J-Ricci tensor as
(2)rJ (X,Y )= traceL→−J (R(L,X)JY ).
(In the literature [7,9], this tensor is usually known as the ∗-Ricci tensor, terminology that we avoid to
prevent any association with the Hodge ∗ operator.) Evidently, if (M,J, g) is a Kähler manifold then rJ
and r coincide; this is a consequence of the Kähler identity R(X,Y )(JZ)= J (R(X,Y )Z), which itself
follows from the fact that ∇J = 0. In general, however, r = rJ .
The J -scalar curvature sJ is the total contraction of the J -Ricci rJ . In terms of the components of R,
J and rJ , we have that
(3)sJ = J itRilmtJ lm =
(
rJ
)i
i .
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Associated to an almost Hermitian manifold (M,J, g), we have the fundamental form
(4)ω(X,Y )= ωJg (X,Y )= g(JX,Y ).
For an integrable J , the Kähler condition is just the fact that this form is closed, and it therefore defines
a non-trivial cohomology class. In general, this will not be the case.
We may also define the alternating tensor
ρJ (X,Y )=−rJ (X,JY ),
that we call the J -Ricci form. The alternating nature of this tensor implies the relation rJ (X,Y ) =
rJ (JY, JX), and so rJ is symmetric only when it is J -invariant.
Let 2m be the dimension of M and {ei} be an orthonormal frame. If W stands for the Weyl tensor of
the metric, we have the identity
(5)rJ =− s
2(m− 1)(2m− 1)g+
1
m− 1r
1,1 −
∑
i
W(ei, · , J · , J ei),
where r1,1 is the J -invariant component of the Ricci tensor r .
As an initial attempt to search for canonical Hermitian metrics, it is quite natural to consider the space
Mg,J of metrics of the form
(6)gf (X,Y )= g(X,Y )+ 14
(
dJd f (X,JY )+ dJd f (Y, JX))
for suitable real-valued functions f . In the Kähler case,Mg,J would be exactly the space of deformations
of g that preserve the cohomology class defined by the fundamental form ω. Let µ be the volume
functional
Mg,J
µ−→R
(7)g˜ →
∫
M
dµg˜.
Then we have the following
Proposition 1. A metric g0 inMg,J is a critical point of µ if, and only if, ∗Jδ0ω0 represents a cohomology
class in H 2m−1(M) (that is to say, iff d(∗Jδ0ω0)= 0). Here, ∗, δ0 and ω0 are the Hodge star operator,
the dual of d (relative to g0) and the fundamental form of g0, respectively.
We shall present the proof of this result elsewhere. It is being stated here with the purpose of using it
to distinguish some of the metrics we consider on the Calabi–Eckmann manifolds.
3. The complex structure on S2n+1 × S2m+1
The product of odd dimensional spheres S2n+1 × S2m+1 can be provided with an integrable almost
complex structure [2], defined as follows: let N1 and N2 be the outward normals to the spheres S2n+1 and
S
2m+1 sitting inside Cn+1 and Cm+1, respectively, and let J1 and J2 be the standard complex structures on
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these spaces. Since J1N1 and J2N2 are globally defined vector fields on the respective spheres, we can
decompose any vector field X on S2n+1 × S2m+1 as
(8)X=X1 +X2 + a1(X)J1N1 + a2(X)J2N2,
where X1 is tangent to S2n+1 and perpendicular to J1N1, while X2 is tangent to S2m+1 and perpendicular
to J2N2. The notion of perpendicularity is defined using the standard metrics on the spheres induced by
the standard metrics on R2n+2 = Cn+1 and R2m+2 = Cm+1, respectively. Using this decomposition, we
may now define the (1,1) tensor J by
JX= J1X1 + J2X2 − a2(X)J1N1 + a1(X)J2N2.
This almost almost complex structure on S2n+1 × S2m+1 is in fact integrable. Since the cohomology
prevents it, the resulting complex manifold is not algebraic.
4. Hermitian metrics on S2n+1 × S2m+1
Given compact manifolds M , E, a submersion π :E →M is a surjective map of maximal rank. In
such a case, for any p ∈M , the submanifold π−1(p)⊂E is called the fiber of the submersion at p.
If the manifolds M , E are Riemannian, a submersion π :E → M is called Riemannian if
π∗ : (T F )⊥q → Tπ(q)M is an isometry. Here (T F )⊥ is the orthogonal complement of the tangent to the
fiber T F in T E, that from now on we call the horizontal space. The tangent to the fiber itself will be
called the vertical space.
The metric properties of a Riemannian submersion [5] are controlled by the metric in the base and
metrics in the fibers, together with the tensors
AXY = V∇HXHY +H∇HXVY,
TXY =H∇VXVY + V∇VXHY.
Here, V and H are the projections onto the vertical and horizontal spaces, respectively. The tensor A is
called the O’Neill tensor of the submersion, while T is the generalized second fundamental form of the
fiber.
Given a Riemannian submersion π :E→M and a function ϕ :M → R, we may dilate the metric on
the vertical part of the fibration, and define
〈 · , · 〉ϕ = e2ϕ〈 · , · 〉V + 〈 · , · 〉H ,
where the subindices V and H in the right side refer to the vertical and horizontal metrics, respectively.
Since the horizontal part is left unchanged, with the new Riemannian structure on E, the map π is still
a Riemannian submersion with the same horizontal-vertical decomposition. The Riemannian curvature
tensor of this metric can be expressed in terms of the Riemannian curvature tensors of the base and fibers,
and the tensors Aϕ and T ϕ , respectively.
This general construction applies to the product of odd-dimensional spheres. The standard odd
dimensional sphere S2n+1 admits a Riemannian submersion over CPn endowed with the Fubini–Study
metric, whose fibers are totally geodesic. Therefore, given a function ϕ :M → R on M = CPn × CPm
provided with the product of the Fubini–Study metrics, we may introduce a metric 〈 · , · 〉ϕ on the product
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E = S2n+1×S2m+1 and obtain a Riemannian fibration π :E→M . This is the only case we shall consider
from here on.
Because of the warping effect of ϕ, the fibers of this submersion will no longer be totally geodesic
torii. That will only happen if ϕ is a constant. For let T and A be the submersion tensors associated with
the standard submersion corresponding to ϕ ≡ 0. Since in that case the fibers are totally geodesic torii,
T is identically zero. On the other hand, the O’Neill tensor A, that is always horizontal, is completely
determined by
AXY =AX1+X2(Y1 + Y2)= 〈X1, J1Y1〉J1N1 + 〈X2, J2Y2〉J2N2,
AX(J1N1 + J2N2)=AX1+X2(J1N1 + J2N2)= J1X1 + J2X2,
where X and Y are horizontal vector fields with components as in the previous section. Then, if U and
V represent vertical vectors, the tensors T ϕ and Aϕ will be completely determined by
T
ϕ
UX = 〈∇ϕ,X〉U,
T
ϕ
U V =−e2ϕ〈U,V 〉∇ϕ,
and
A
ϕ
XY =AXY,
A
ϕ
XU = e2ϕAXU,
respectively. Indeed, the result for T ϕ follows directly from the definition of this tensor and the calculation
of covariant derivatives of vectors in terms of inner products. This form of calculating covariant
derivatives also produces the desired result for the tensor Aϕ applied to X, U , while the result for AϕXY
follows from the classical formula of O’Neill that computes this quantity as half of the vertical component
of the commutator [X,Y ].
We would like to compute the Ricci tensor and scalar curvature of 〈 · , · 〉ϕ , as well as its J -Ricci tensor
and J -scalar curvature. For the latter calculation, we endow E with the complex structure defined in the
previous section. Instead of relying on the form for T ϕ and Aϕ above to compute the Riemann curvature
tensor and the subsequently needed traces, we carry out our calculations and express the results in terms
of the relevant curvature and submersion tensors of the unwarped case, ending up with relations that only
involve the standard metric on the product of spheres E, as well as derivatives of the function ϕ. In so
doing, we take advantage of unpublished formulae of Gromoll [3]. They are essential in the computations
involving the Ricci and scalar curvature, but must be further elaborated in order to obtain their Hermitian
counterparts.
We shall make use of an orthonormal frame {vj } of the form
(9){e−ϕT1, e−ϕT2, e1, . . . , en, J e1, . . . , J en, f1, . . . , fm, Jf1, . . . , Jfm},
where {T1, T2} is the orthonormal frame of the fiber flat torus given by {J1N1, J2N2}, and {e1, . . . , en}
and {f1, . . . , fm} are the horizontal lifts of orthonormal frames in the two projective factors of the base.
Observe that for j > 2, each vj is horizontal.
And we recall that for the standard sphere (Sd, g) of constant sectional curvature 1, the curvature
tensor is given by R(X,Y )Z= g(Y,Z)X− g(X,Z)Y , and its Ricci tensor by r = (d − 1)g.
C.E. Durán, S.R. Simanca / Differential Geometry and its Applications 17 (2002) 55–67 61
4.1. The Ricci tensor and scalar curvature
We need to compute the expression rϕ(X,Y )=∑j 〈Rϕ(vj ,X)Y, vj〉ϕ for arbitrary vector fields X, Y ,
and the full trace sϕ =∑i,j 〈Rϕ(vi, vj )vj , vi〉ϕ .
Let us begin with the Ricci curvature. We have
rϕ(X,Y )= e−2ϕ
2∑
i=1
〈
Rϕ(Ti,X)Y,Ti
〉
ϕ
+
∑
j>2
〈
Rϕ(vj ,X)Y, vj
〉
ϕ
,
and we work out the final answer in stages, depending upon the type of vectors that X and Y may be. In
the sequel, the letters U and V will denote vertical vectors.
(a) Let us first consider two vertical vectors U and V . Then, it is fairly easy to see that
e−2ϕ
2∑
i=1
〈
Rϕ(Ti,U)V,Ti
〉
ϕ
= e2ϕ
2∑
i=1
〈
R(Ti,U)V,Ti
〉− e2ϕ‖∇ϕ‖2〈U,V 〉.
On the other hand,〈
Rϕ(vj ,U)V, vj
〉
ϕ
=−〈Rϕ(vj ,U)vj ,V 〉ϕ
= e2ϕ〈R(vj ,U)V, vj 〉− e2ϕ(1− e2ϕ)〈AvjA∗vjU,V 〉
− e2ϕ(hϕ(vj , vj )+ 〈∇ϕ, vj , 〉〈∇ϕ, vj 〉)〈U,V 〉,
where hϕ is the Hessian of the function ϕ. Adding these results, and recalling that ϕ is only a function
of points on the base of the submersion, we obtain the Ricci curvature on vertical vector fields:
rϕ(U,V )= e2ϕ
(
r(U,V )− (1− e2ϕ)
〈∑
j
AvjA
∗
vj
U,V
〉
− (2‖∇ϕ‖2 −2ϕ)〈U,V 〉
)
.
Here, r is the Ricci tensor of the unwarped metric on E, and 2 is its positive Laplacian.
We may simplify this result using the explicit form of r and A. Indeed, observe that rϕ(U,V ) = 0
when U and V are tangent to different factors of the product defining the total space E. On the other
hand, if T and vj (j > 2) are tangent vectors to the same sphere factor of E and T has (unwarped)
norm 1, by the formulae preceding the beginning of this subsection we see that A∗vj T is a horizontal
vector orthogonal to all vk’s except Jvj itself, and its norm is 1. Hence, for U = aT1 + bT2 and
V = a˜T1 + b˜T2 with T1 and T2 as in (9), we obtain
(10)rϕ(U,V )= e2ϕ
(
aa˜
(
2ne2ϕ +2ϕ − 2‖∇ϕ‖2)+ bb˜(2me2ϕ +2ϕ − 2‖∇ϕ‖2)).
(b) Let us consider now a horizontal vector X and a vertical vector U , respectively. Then we have
rϕ(X,U)=
2∑
j=1
〈
R(Tj ,X)U,Tj
〉+ e2ϕ
(∑
j>2
〈
R(vj ,X)U,vj
〉+ 4〈A∇ϕX,U 〉
)
.
Notice that the first sum in the right is the vertical contribution to the trace defining the Ricci tensor
applied to X, U , while the other sum is the horizontal contribution to the same quantity.
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In our case, the terms involving R in the right side are both zero, and in fact, the whole expression is
zero if X and U are tangent to different factors of E. Therefore, for U = aT1+bT2 and X=X1+X2,
if we use the formulae for A, the expression above reduces to
(11)rϕ(X,U)= 4e2ϕ〈∇ϕ, aJX1 + bJX2〉.
(c) Now we consider two horizontal vectors X, Y . Then we get
rϕ(X,Y )= r(X,Y )+ 23
(
1− e2ϕ)
(
rM(X,Y )−
∑
j>2
〈
R(vj,X)Y, vj
〉)
− 2(hϕ(X,Y )+ 〈∇ϕ,X〉〈∇ϕ,Y 〉).
Here, rM is the Ricci tensor of the base of the submersion pulled back to its total space E.
The metric gCPn on CPn is induced by the metric on S2n+1, and rCPn = 2(n+ 1)gCPn . Therefore, for
horizontal vectors X and Y with components X = X1 +X2 and Y = Y1 + Y2, the expression above
is just
(12)rϕ(X,Y )= 2n〈X1, Y1〉 + 2m〈X2, Y2〉 + 2
(
1− e2ϕ)〈X,Y 〉 − 2hϕ(X1, Y1)
− 2hϕ(X2, Y2)− 2〈∇ϕ,X1〉〈∇ϕ,Y1〉 − 2〈∇ϕ,X2〉〈∇ϕ,Y2〉.
The full trace that produces the scalar curvature may be computed finding the trace of rϕ . We do so
using the orthonormal frame {vj } in (9). Notice that only (10) and (12) intervene in this calculation. We
obtain:
(13)sϕ = 2n(2n+ 1)+ 2m(2m+ 1)+ 42ϕ − 6‖∇ϕ‖2 + 2(n+m)
(
1− e2ϕ).
The constant 2n(2n+ 1)+ 2m(2m+ 1) is the scalar curvature of the unwarped product metric on E, so
the result above distinctively shows how the scalar curvature varies as we perturb the fibers, dilating their
lengths by the factor eϕ .
4.2. The J -Ricci tensor and J -scalar curvature
We now compute the expression rJϕ (X,Y )=
∑
i,j 〈Rϕ(vi,X)JY, Jvi〉ϕ for arbitrary vector fields X,
Y , and sϕ =∑i,j 〈Rϕ(vi, vj )J vj , J vi〉ϕ . They produce the J -Ricci and J -scalar curvature, respectively.
Evidently, we shall need to compute the expression 〈Rϕ(Z,X)JY,JZ)〉ϕ for vector fields X, Y , Z on
E of various types. This requires to study the effect of a J -twisting on some of the curvature formulae
used and developed in Section 4.1. We look carefully at all cases relevant to our immediate goal:
(i) Let us take Z to be a vector field tangent to the second factor of the S1 ×S1 fiber, while X and Y are
vertical vectors also. Then, the expression above is zero unless X and Y have non-trivial components
tangent to the first factor of the torus fiber. If we choose X = Y = T1 = e−ϕT1 and Z = T2 = e−ϕT2,
with {T1, T2} as in (9), and let K stand for the sectional curvature, we have that〈
Rϕ(T2,T1)JT1, JT2
〉
ϕ
=−〈Rϕ(T2,T1)T2,T1〉ϕ
=−e−4ϕ〈Rϕ(T2, T1)T2, T1〉ϕ
= e−2ϕ(1− e2ϕ)KF(T1, T2)+K(T1, T2)− ‖∇ϕ‖2
=−‖∇ϕ‖2.
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In obtaining the last equality, we used the fact that for the standard metric the fiber is a flat totally
geodesic torus.
Similarly, we obtain that〈
Rϕ(T1,T2)JT2, JT1
〉
ϕ
=−‖∇ϕ‖2.
(ii) Let us now suppose that Z = U = aT1 + bT2 is a vertical vector and that X and Y are horizontals.
Since Ti and JTi are tangent to different factors of E, we have that〈
Rϕ(U,X)JY,JU
〉
ϕ
= ab〈Rϕ(T1,X)JY, JT2〉ϕ + ab〈Rϕ(T2,X)JY, JT1〉ϕ.
This calculation requires finding the vertical component of Rϕ(Ti,X)JY , that in our case is given by
R(Ti,Xi)JYi − (1− e2ϕ)AXiA∗JYi Ti − (hϕ(Xi, JYi)+ 〈∇ϕ,Xi〉〈∇ϕ,JYi〉)Ti , where X =X1 +X2
and Y = Y1 + Y2 are the decompositions of X and Y into components. But A∗JYi Ti = Yi , so, after
some simplification, we obtain that〈
Rϕ(U,X)JY,JU
〉
ϕ
=−abe4ϕ(〈X1, JY1〉 − 〈X2, JY2〉)
+ abe2ϕ(hϕ(X1, JY1)+ 〈∇ϕ,X1〉〈∇ϕ,JY1〉 − hϕ(X2, JY2)− 〈∇ϕ,X2〉〈∇ϕ,JY2〉).
Note that in the case where U = T1 or U = T2 (that is to say, when either a or b is zero) we have
that 〈Rϕ(U,X)JY,JU 〉ϕ = 0.
(iii) When X, Y and Z are horizontals, the expression 〈Rϕ(Z,X)JY,JZ〉ϕ can be non-zero only when
the vectors have non-trivial horizontal components over the same factor of the base. For example, if
the three of them are horizontal over the first base factor, we have that〈
Rϕ(Z,X)JY,JZ
〉
ϕ
= (1− e2ϕ)〈RCPn(Z,X)JY,JZ〉+ e2ϕ 〈R(Z,X)JY,JZ〉,
where RCPn is understood as the pull-back of the curvature tensor in the complex projective space.
Of course, this result may be written down in further detail using the compatibility of the metrics on
the sphere and complex projective plane, but the form above will suffice for our purposes.
For arbitrary vector fields X and Y , the J -Ricci curvature of the metric 〈 · , · 〉ϕ is given by the
expression rJϕ (X,Y )=
∑
j 〈Rϕ(vj ,X)JY, Jvj〉ϕ . So,
rJϕ (X,Y )= e−2ϕ
〈
Rϕ(T1,X)JY,T2
〉
ϕ
− e−2ϕ 〈Rϕ(T2,X)JY,T1〉ϕ +
∑
j>2
〈
Rϕ(vj ,X)JY, Jvj
〉
ϕ
.
In contrast to the Ricci tensor, the J -Ricci tensor is not always symmetric, so we must exercise extra care
in our calculation. We list the results in a manner parallel to those for rϕ in Section 4.1.
(a) For vertical vectors U = aT1 + bT2 and V = a˜T1 + b˜T2, we have
(14)rJϕ (U,V )=−e2ϕ‖∇ϕ‖2〈U,V 〉 =−(aa˜ + bb˜)e2ϕ‖∇ϕ‖2.
Indeed, notice that for j > 2, the vj ’s in the frame (9) come in pairs, ej , Jej , or fj , Jfj . By (ii)
above, we see for example that 〈Rϕ(U, ej)J ej , JV 〉ϕ = a˜be2ϕ(hϕ(ej , J ej ) + 〈∇ϕ, ej 〉〈∇ϕ,J ej 〉),
and when calculating the trace defining rJϕ (U,V ), this term in cancelled by the contribution to it
coming from the frame vector Jej . The remaining contributions to rJϕ (U,V ) are those coming from
the frame vectors v1 and v2, and are obtained using (i). They yield the stated result.
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(b) We now compute rJϕ (X,U) for X =X1 +X2 a horizontal vector, and U = aT1 + bT2. Observe that
〈Rϕ(Ti,X)JU,JTi〉ϕ = 〈Rϕ(JU,JTi)Ti,X〉ϕ , and therefore, the contributions to rJϕ (X,U) coming
from v1 and v2 in the frame (9) involve finding the horizontal component of Rϕ(JU,JTi)Ti , that
in our case is given by e4ϕA∗∇ϕ(〈JU,Ti〉JTi − 〈JTi, Ti〉JU) = e4ϕA∗∇ϕ(〈JU,Ti〉JTi). By a simple
calculation, we conclude that
e−2ϕ
2∑
i=1
〈
Rϕ(Ti,X)JU,JTi
〉
ϕ
= e2ϕ〈∇ϕ, aJX1 + bJX2〉,
where X =X1 +X2 is the decomposition of X into components. On the other hand, 〈Rϕ(vj ,X)JU,
Jvj 〉ϕ =−〈Rϕ(vj ,X)Jvj, JU 〉ϕ . When j > 2, we compute this by finding the vertical component
of Rϕ(vj ,X)Jvj , which in our case and for vj ’s that are tangent to the first factor of E, is given
by 〈∇ϕ, vj 〉AX1Jvj − 〈∇ϕ,X1〉Avj J vj − 2〈∇ϕ,Jvj 〉AvjX1, while the same expression with X2
instead of X1 gives the desired vertical component for those vj ’s that are tangent to the second factor.
A simple calculation now yields∑
j>2
〈
Rϕ(vj ,X)JU,Jvj
〉
ϕ
= e2ϕ〈∇ϕ, (2n+ 1)bX1 − (2m+ 1)aX2〉,
and by adding the two results above, we obtain rJ (X,U) in terms of the components of X and U :
(15)rJϕ (X,U)= e2ϕ
(〈∇ϕ, aJX1 + bJX2〉 + 〈∇ϕ, (2n+ 1)bX1 − (2m+ 1)aX2〉).
Notice that knowing the expression for rJ (X,U) suffices to obtain rJ (U,X) due to the identity
rJ (U,X)= rJ (JX,JU). The result (15) obtained above shows a distinct asymmetry of rJ (X,U)
for this particular type of vectors, that contrasts to the symmetry of the Ricci tensor in general. Indeed,
we have
rJϕ (U,X)= e2ϕ
(〈∇ϕ, bX1 − aX2〉 + 〈∇ϕ, (2n+ 1)aJX1 − (2m+ 1)bJX2〉).
(c) Finally, we compute rJϕ (X,Y ) for horizontal vectors X = X1 + X2 and Y = Y1 + Y2. In this case,
by (ii) we see that 〈Rϕ(Ti,X)JY, JTi〉ϕ = 0, and therefore, all non-trivial contributions to rJϕ (X,Y )
come from the vj ’s in (9) with j > 2. Then, we may use (iii) to conclude that
rJϕ (X,Y )=
(
1− e2ϕ)(rCPn(X1, Y1)+ rCPm(X2, Y2))+ e2ϕ∑
j>2
〈
R(vj ,X)JY, Jvj
〉
,
where r
CP
k is the pull-back of the Ricci tensor of CPk to E via the appropriate factor projection.
A simple calculation now yields
(16)rJϕ (X,Y )= 2
(
1− e2ϕ)((n+ 1)〈X1, Y1〉 + (m+ 1)〈X2, Y2〉)+ e2ϕ〈X,Y 〉.
The J -scalar curvature is computed calculating the trace of rJϕ . Only (14) and (16) are needed for that.
We obtain
(17)sJϕ = 2(n+m)− 2‖∇ϕ‖2 +
(
1− e2ϕ)(2n(2n+ 1)+ 2m(2m+ 1)).
Notice how the value of sJϕ changes in relation to that of the unwarped metric, sJ = 2(n + m),
corresponding to ϕ = 0.
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5. Some remarks
The expressions (14), (15) and (16) describe the tensor rJϕ in full generality. The failure of this tensor
to be symmetric is encoded in its horizontal-vertical component, and takes place only when ϕ is not a
constant. We summarize and emphasize these properties in the following
Proposition 2. For each Riemannian metric 〈 · , · 〉ϕ on S2n+1 × S2m+1, the J -Ricci tensor rJϕ restricts to
a symmetric operator along vertical or horizontal directions. Its vertical-horizontal component is only
symmetric when ϕ is a constant, in which case it is identically zero.
However, even when we choose constant functions ϕ, we may collapse the fibers of the Riemannian
submersions while the tensors rϕ and rJϕ behave quite differently from each other. Indeed, we already
know that for any constant ϕ the tensor rJϕ is symmetric, with its vertical-horizontal component
identically zero. But (14) shows that in that case, its vertical component is identically zero as well.
We may shrink the fibers by selecting constant functions ϕ with smaller and smaller values. As this takes
place, from the point of view of the metric 〈 · , · 〉ϕ , the total space of the fibration becomes closer and
closer to CPn × CPm. In this process, while rJϕ always has trivial component along the fiber directions,
the Ricci tensor rϕ in contrast does not: (10) shows that rϕ is always non-negative along the fibers, and
even in the most restrictive of the cases, that when either m or n is equal to zero, there is a subspace of
the tangent to the fiber at each point along which rϕ is positive definite. Granted, the positive eigenvalues
are going to zero as ϕ goes to −∞, but they only become zero in the limit and are strictly positive at each
stage. Or said differently, you may generate a non-trivial homology element by collapsing the fibers, with
the behaviour of rϕ and rJϕ being totally different along the normal bundle of this element.
It would be highly desirable to know what Hermitian metrics possess a symmetric J -Ricci tensor.
By (5), this amounts to a metric whose Weyl tensor has a J -twisted trace that is symmetric. The canonical
metric on the Calabi–Eckmann manifold has been known to satisfy this property for quite some time (see,
for instance, [7]), but that the warped metrics with constant warping functions also have symmetric J -
Ricci tensor is not an entirely trivial conclusion. The warping is not a conformal deformation of the
canonical metric, so that property cannot follow from the conformal invariance of W alone.
It is quite interesting that neither rJϕ nor sJϕ depend upon second derivatives of ϕ, as one would
have expected. This is actually a property of the complex structure J , structure that preserves the
horizontal and vertical directions of the Riemannian submersion under consideration, and so the twisting
it introduces in the definition of the tensors rJϕ and sJϕ makes the contributions coming from second
derivatives of ϕ cancel each other out. In view of this, we may easily single out those metrics that
correspond to constant functions ϕ by fixing properties of either rJϕ or sJϕ . For example, we have the
following
Proposition 3. Among the Riemannian metrics 〈 · , · 〉ϕ on S2n+1 × S2m+1, the only one that that has
constant J -scalar curvature is, up to an additive constant, the standard metric corresponding to ϕ = 0.
Proof. If the J -scalar curvature expression (17) was a constant, by selecting points where ϕ achieves its
maximum and minimum, we would easily conclude that maxϕ = minϕ. Therefore, ϕ would have to be
a constant, as desired. ✷
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This proposition distinguishes the metrics 〈 · , · 〉ϕ corresponding to ϕ equal to a constant as the only
ones that have constant J -scalar curvature. However, those same metrics also have constant scalar
curvature, though it is not clear that these are the only metrics with that property. If one were going
to prove that hypothetical assertion, one would have to argue that the quasi-linear elliptic equation sϕ = c
only admits constant solutions, and that is far from obvious.
We may characterize the metrics corresponding to constant ϕ using a strictly Hermitian criterium.
Indeed, each member in the family 〈 · , · 〉ϕ may serve as a background metric g, and we can thus consider
the spaceMg,J of deformations of the type defined by (6). On that space of J -Hermitian metrics we can
study the volume functional, and Proposition 1 identifies completely its critical points. We have the
following
Proposition 4. Among the Riemannian metrics 〈 · , · 〉ϕ on S2n+1 × S2m+1, the only ones that are critical
points of the volume functional (7) are those for which ϕ is a constant.
Proof. Since our manifold is Hermitian, if {E1, . . . ,Ek, JE1, . . . , JEk} is an orthonormal frame, then
δϕωϕ(X)=−2
k∑
i=1
∇ϕEiωϕ(Ei,X).
Using the expression for the tensors T ϕ and Aϕ given earlier, we see that
δϕωϕ =−(2n+ 2m)e2ϕ(dt1 + dt2)− 2e2ϕJ dϕ,
where {t1, t2} are coordinates in the torus fiber. Then, Jδϕωϕ is not co-closed unless dϕ is zero, in which
case it is exact. The result follows by Proposition 1. ✷
We end up our article with observations that concern the Yamabe problem in its usual and almost
complex version. Let us recall that for any Riemannian manifold (M,g), the conformal class of g admits a
representative with constant scalar curvature. Recently, an analogous result has been proven in the almost
Hermitian category: given one such manifold (M,J, g), the conformal class of the J -Hermitian metric g
admits a representative with constant J -scalar curvature. So for each one of the metrics 〈 · , · 〉ϕ , we know
that its conformal class carries a representative with constant scalar curvature, and a representative with
constant J -scalar curvature. In general, though, these two representatives do not have to be the same. We
discuss and expand on this next.
For simplicity, let d = 2n+2m+2 be the dimension of the total space of our Riemannian submersions,
and let us set N = 2d/(d − 2). The functionals
λ(g)=
∫
M
sg dµg
(
∫
M
dµg)
2/N and λ
J (g)=
∫
M
sJg dµg
(
∫
M
dµg)
2/N
are both homogeneous of degree 0, and when restricted to a conformal class of metrics, they are both
bounded below. That there exists a representative of constant scalar curvature in a given class follows
from the combined efforts of Yamabe, Trudinger, Aubin and Schoen, showing that in any conformal
class of metrics there exists one that achieves the infimum of λ(g) over the class. That there exists
a representative of constant J -scalar curvature follows from the fact that the conformal class of a J -
Hermitian metric carries a representative that achieves the infimum of λJ (g) [6] over the said class, as
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well. However, neither the functional λ(g) nor the functional λJ (g) are bounded below when varying the
conformal class of the metric, and our Riemannian submersions serve as an example of this fact. For the
volume form of 〈 · , · 〉ϕ is given by dµϕ = e2ϕ dµ, and if we choose warpings with ϕ a constant, both
of the functionals above will have values given by ρ2/d(A− Bρ) for some positive constant B , and for
ρ = e2ϕ . The assertion follows by letting ρ go to infinity, that is to say, by blowing up the fibers dilating
then by a larger and larger factor.
The difference sϕ − sJϕ is given by
sϕ − sJϕ = 42ϕ − 4‖∇ϕ‖2 + 4
(
n2 +m2)e2ϕ.
We then see that as the fibers of the submersion are collapsed by selecting a smaller and smaller constant
function ϕ, the scalar and J -scalar curvature of 〈 · , · 〉ϕ approach the same value, that of the scalar
curvature of CPn × CPm endowed with the product of the Fubini–Study metrics. This is yet another
instance of collapsing with bounded curvature. On the other hand, as the fibers are blown-up by selecting
a larger and larger constant function ϕ, both sϕ and sJϕ become negative, but sJϕ does so exponentially
faster than sϕ .
The general analysis of the almost complex Yamabe problem [6] draws a great deal of momentum
from the study of the difference (d− 1)sJϕ − sϕ . This function is completely described by the Weyl tensor
of the metric, as we can see by computing the trace of identity (5), and encodes a strong relation between
the behaviour of the usual Yamabe problem and that of its almost complex counterpart. The latter tends
to be easier when this function is negative somewhere, while it becomes harder (but still solvable) in the
opposite case. For the metric 〈 · , · 〉ϕ we have
(d − 1)sJϕ − sϕ = 8mn− 2(d − 4)‖∇ϕ‖2 − 42ϕ +B
(
1− e2ϕ),
where the coefficient B is given by
B = (d − 1)(2n(2n+ 1)+ 2m(2m+ 1))− (d − 2),
a positive number. As far as the almost complex Yamabe problem is concerned, collapsing the fibers
moves us into a hard territory, while the opposite is true if we, instead, blow them up. These two extreme
cases are continuously connected as the constant function ϕ varies from −∞ to ∞.
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